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A topological abelian group G is P-reflexi¤e if the natural homomorphism of G
Ž .to its Pontryagin bidual group is a topological isomorphism. Let C X be thep
space of continuous functions with the topology of pointwise convergence. We
Ž . Ž .investigate for what spaces X the group C X is P-reflexive. We show that: 1 ifp
Ž . Ž .C X is P-reflexive, then X is a P-space; 2 there exists a non-discrete space Xp
Ž . Ž . Ž .such that C X is P-reflexive; 3 there exists a P-space X such that C X is notp p
Ž .P-reflexive; 4 there exists a simple space X for which the question of whether
Ž .C X is P-reflexive is undecidable in ZFC. Q 2000 Academic Pressp
Key Words: Pontryagin]van Kampen duality; spaces of continuous functions;
P-space; caliber.
1. INTRODUCTION
In this paper we look at Pontryagin]van Kampen duality for the additive
Ž .group of C X , the space of all real-valued continuous functions on Xp
endowed with the pointwise convergence topology. We also consider the
Ž .compact-open topology on C X .
All spaces are assumed to be Tikhonov. If G is a topological group, a
character of G is a continuous homomorphism of G to the group T s z
< < 4 Ž .g C : z s 1 . For every abelian topological group G, t the dual group
ÃŽ . Ž .G, t is the topological group of all characters of G, t , equipped withÃ
the compact-open topology. There is a natural evaluation homomorphism
ÃÃŽ .not necessarily continuous a : G “ G of G to its bidual group. AG
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Ž .topological abelian group G, t is Pontryagin reflexi¤e, or P-reflexi¤e for
short, if the evaluation map a is a topological isomorphism between GGÃÃ Ž .and G. If a is just bijective but not necessarily continuous , we say thatG
G is P-semireflexi¤e.
The Pontryagin]van Kampen theorem, saying that every locally compact
abelian group is P-reflexive, has been generalized to other classes of
w xtopological groups. Kaplan 8, 9 proved that the class of P-reflexive
w xgroups is closed under arbitrary products and direct sums, Smith 17
proved that Banach spaces and reflexive locally convex vector spaces are
w xP-reflexive topological groups, and in 4 it is proved that the topological
Ž .free abelian group A X on a compact space X is P-reflexive if and only
if X is zero-dimensional.
Ž . ŽIf X is not discrete, the space C X is not reflexive or semireflexive inp
.the sense of topological vector spaces . Indeed, a locally convex space E is
semireflexive if and only if every bounded set in E is relatively weakly
w x Ž . w x Xcompact 15, Theorem 4.5.5 . If X is not discrete, the set C X l y1, 1p
Ž . Ž .is closed and bounded in C X but not weakly compact, since it is densep
w x Xin y1, 1 . We show, however, that there exists a non-discrete space X
Ž .for which C X is P-reflexive. Every such X must be a P-space, but therep
Ž .exist P-spaces for which C X is not P-semireflexive. A topological spacep
X is a P-space if every G -set in X is open.d
An easy example of a non-discrete P-space can be obtained as follows.
 4Let A be a set of isolated points of cardinality v , and let X s A j ‘ be1
a ``one-point lindelofication'' of A. This means that the neighbourhoods ofÈ
 4 Ž .p in X are of the form ‘ j A _ F , where F is a countable subset of A.
Ž .We show that for this very simple space X the question of whether C Xp
is P-reflexive is undecidable in ZFC. Thus it is unlikely that there can be
Ž .an easy internal characterization of those spaces X for which C X isp
P-reflexive.
Ž .Let C X be the space of all real-valued continuous functions on X,c
Ž .endowed with the compact-open topology. This space, like C X , isp
reflexive if and only if X is discrete. On the other hand, we show that
Žthere is a wide class of spaces including, for example, all metrizable
. Ž .spaces for which C X is P-reflexive.c
2. P-REFLEXIVE TOPOLOGICAL VECTOR SPACES
Every topological vector space can be considered as a topological group.
If E is a real topological vector space, denote by EX the dual vector spacec
Ãendowed with the compact-open topology. The dual group E may be
X X Ãidentified with E via the topological isomorphism exp: E “ E sendingc c
Ž . Ž w xeach continuous functional f g E9 to the character exp 2p if see 17 or
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w x.7, 23.32 . Pontryagin duality for real vector spaces has been considered by
w xseveral authors 1, 2, 10 . As a consequence of their results, we get the
following characterization of P-semireflexivity for locally convex spaces
Ž .LCS .
2.1. THEOREM. For e¤ery locally con¤ex ¤ector space E the following
conditions are equi¤alent:
Ž .1 E is P-semireflexi¤e;
Ž .2 the closed con¤ex hull of e¤ery compact subset of E is compact;
Ž .3 the closed con¤ex hull of e¤ery compact subset of E is weakly
compact.
2.2. COROLLARY. E¤ery ¤on Neumann complete LCS E is P-semire-
flexi¤e.
ŽRecall that a LCS E is quasi-complete respectively ¤on Neumann
. Ž .complete if bounded respectively precompact closed subspaces of E are
complete. Every quasi-complete LCS is von Neumann complete. Appar-
ently the first example of a von Neumann complete LCS which is not
w xquasi-complete was given by Ptak in 13 .
For the reader's convenience we sketch the proof of Theorem 2.1. The
space E is P-semireflexive if and only if the topology of EX is compatiblec
X wwith the duality between E and E. By virtue of the Mackey theorem 15,c
xTheorem 4.3.2 , this happens if and only if the closed convex hulls of
compact sets in E are weakly compact. To see that the word ``weakly'' can
Ž .be omitted, note that: 1 the closed convex hull of a compact set is
Ž . Ž .precompact; 2 weakly complete subspaces of E are complete; 3 ``com-
pact'' is equivalent to ``precompact and complete.''
2.3. PROPOSITION. Let E be a locally con¤ex ¤ector space. The e¤aluation
ÃÃmap a : E “ E is injecti¤e and open; it is continuous if and only if e¤eryE
compact subset of EX is equicontinuous on E.c
ÃÃ2.4. COROLLARY. If E is barrelled, then a : E “ E is a homeomor-E
phism of E onto its image.
Proof. If E is barrelled, then every pointwise bounded subset of E9 is
w xequicontinuous 15, Corollary 4.1.6 .
Ž2.5. COROLLARY. E¤ery ¤on Neumann complete in particular, e¤ery
.quasi-complete barrelled LCS is P-reflexi¤e.
A subset A of a topological space X is functionally bounded if every
continuous real-valued function on X is bounded on A. A space X is a
m-space if every functionally bounded closed subset of X is compact. For
Žexample, every paracompact space more generally, every Dieudonne-com-Â
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. wplete space is a m-space. According to the Nachbin]Shirota theorem 11,
x Ž .16 , the space C X is barrelled if and only if X is a m-space.c
w xFollowing 4 , we say that X is an Ascoli space if every compact
Ž .subspace of C X is equicontinuous. Suppose that X is an Ascoli spacec
Ž .and K is a compact subset of C X . There exists a continuous pseudo-c
< Ž . Ž . < Ž .metric d on X such that f x y f y F d x, y for every x, y g X and
Ž .f g K. Let L be the set of all functions f g C X satisfying the inequali-c
< Ž . Ž . < Ž . < Ž . <  < Ž . < 4ties f x y f y F d x, y and f x F sup g x : g g K for every x, y
g X. Then K ; L and L is convex and compact. Thus the closed convex
Ž .hull of every compact subspace of C X is compact.c
Ž .2.6. THEOREM. Let X be a m-space and an Ascoli space. Then C X isc
P-reflexi¤e.
Ž .Proof. Let E s C X . Since X is Ascoli, the closed convex hulls ofc
compact subsets of E are compact, as we have just seen. Theorem 2.1
implies that E is P-semireflexive. Since X is a m-space, E is barrelled.
Corollary 2.4 shows that E is P-reflexive.
Ž .2.7. COROLLARY. If X is metrizable, then C X is P-reflexi¤e.c
A space X is a k -space if every function f : X “ R such that theR
<restriction f K is continuous for every compact K ; X is continuous. The
Ž .space C X is complete if and only if X is a k -space. A space is calledc R
w xan infra-k -space by Buchwalter 3 if every totally bounded subset ofR
Ž .C X is equicontinuous. Every k -space is infra-k ; the converse is notc R R
w xtrue 6, 14 . Every infra-k -space is Ascoli; we do not know if the converseR
w x Ž .is true. Haydon proved in 5 that C X is von Neumann complete if andc
only if X is an infra-k -space. Thus for infra-k -spaces Theorem 2.6R R
follows from Corollary 2.5.
Ž .3. THE GROUP C Xp
Ž .The P-reflexivity of C X is studied in this section. From the previousp
section we know that P-reflexivity is equivalent to the combination of two
conditions: P-semireflexivity and continuity of the evaluation map a . We
Žprove that a is continuous for every X and that a necessary but not
. Ž .sufficient condition for C X to be P-semireflexive is that X be ap
P-space.
Ž . Ž .The dual space of C X can be identified with the space L X of allp
formal linear combinations of points of X with real coefficients. If
Ž .  4a s Ýl x g L X , the finite set x g X : l / 0 is called the support of ax x
Ž .  4and is denoted by supp a. If B ; L X , we set supp B s D supp a : a g B .
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Ž Ž . . Ž .3.1. PROPOSITION. Let L X , t be the dual group of C X . ThenÃ p
Ž .e¤ery t-compact subset of L X has finite support.Ã
Ž .Proof. Let D be a subset of L X whose support is infinite. According
to Lemma 3.2 below, there exists an infinite collection V of pairwise
disjoint open sets in X each of which meets D. Construct by induction a
 4  4sequence a ; D and a sequence V ; V such that every Vn n- v n n- v n
meets supp a and does not meet supp a whenever j - n. For everyn j
Ž .n - v pick x g supp a l V and a neighbourhood W of x such thatn n n n n
Ž .  4 Ž . Ž .W ; V and supp a l W s x . Pick g g C X such that g x / 0n n n n n n n n
Ž .  4 ² : Ž . Ž .and g X _ W s 0 . Let ? , ? : C X = L X “ R be the canonicaln n
² :pairing. We have g , a / 0, since there is exactly one point x g supp an n n
Ž .such that g x / 0, namely x . For every n - v pick a real number cn n n
² :  4such that c g , a G n. Put h s c g . The sequence h convergesn n n n n n n n- v
pointwise to zero, since the cozero set of each h is contained in W ; Vn n n
 4  4  4and the sequence V is disjoint. It follows that K s h j 0 is an n- v n n- v
Ž . ² : ² : 4compact subset of C X . Since the set K, D s h, a : h g K, a g Dp
² : 4> h , a : n - v is unbounded, it follows that D is not t-compact.Ãn n
The following lemma was used in the proof above:
3.2. LEMMA. For e¤ery infinite subset D of a topological space X there
exists an infinite collection of pairwise disjoint open sets in X each of which
meets D.
Recall that all topological spaces under consideration are assumed to be
Tikhonov. Lemma 3.2 remains valid for all regular Hausdorff spaces.
Proof of Lemma 3.2. Since X is Hausdorff, there is at most one point
x g D with the property that for every neighbourhood U of x the set
D _ U is finite. Hence there exist a point x g D and an open set U ; X1 1
such that x g U and D _ U is infinite. Applying the same argument to1 1 1
D _ U , find x g D _ U and an open set U such that x g U and1 2 1 2 2 2
Ž .D _ U j U is infinite. Proceeding in this way, we construct a sequence1 2
 4  4x ; D and a sequence U of open sets in X such that x g U forn n n n
every n and x f U whenever n ) m. Using regularity of X, for every nn m
pick an open set V such that x g V ; V ; U . Put W s V _ D V : mn n n n n n n m
4- n . The sets W , W , . . . are pairwise disjoint and all of them meet D,1 2
since x g W l D.n n
As an easy consequence of Proposition 3.1 we obtain the following
result.
Ž . Ž .nn3.3. THEOREM. The e¤aluation map a : C X “ C X is a topologi-p p
Ž .cal isomorphism of C X onto its image.p
Proof. According to Proposition 2.3, it suffices to prove that every
nŽ Ž . . Ž .compact subset K of L X , t s C X is equicontinuous. PropositionÃ p
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3.1 implies that K is contained in a set of the form K sF , C
 < < 4Ý l x : l F C for every x g F , where F is a finite subset of X andx g F x x
C is a positive number. Plainly K is equicontinuous; hence so is K.F , C
3.4. COROLLARY. The following conditions are equi¤alent:
Ž . Ž .1 C X is P-reflexi¤e;p
Ž . Ž .2 C X is P-semireflexi¤e;p
Ž . Ž .3 for e¤ery compact subset K of C X , the closed con¤ex hull of K inp
Ž .C X is compact.p
Ž . Ž .Proof. Theorem 3.3 implies that the conditions 1 and 2 are equiva-
Ž . Ž .lent, and Theorem 2.1 implies that the conditions 2 and 3 are equiva-
lent.
Ž .We now show that C X can be P-semireflexive only if X is a P-space.p
A subset A of a topological space X is a cozero set if there exists a
Ž .  Ž . 4function f g C X such that A s x g X : f x / 0 . The characteristic
Ž .function x of a subset A ; X is defined by x x s 1 if x g A andA A
Ž .x x s 0 if x f A.A
3.5. PROPOSITION. Let A be a cozero set in a topological space X. There
Ž .exists a compact subset K of C X such that the characteristic function of Ap
belongs to the closed con¤ex hull of K in the space R X.
 4Proof. Consider first the case X s R and A s R _ 0 . Let x s x .A
Ž . Ž .  4 Ž .We have x 0 s 0 and x x s 1 for every x / 0. Let f ; C R ben n- v p
Ž . < < yna sequence of functions such that f x s 1 for all x with x G 2 andn
Ž .  4f 0 s 0, n s 0, 1, . . . . The sequence f converges to x pointwise. Putn n
g s f and g s f y f for n ) 0. Then f s Ýn g , and for every0 0 n n ny1 n is0 n
Ž .x g R there are only finitely many indices n such that g x / 0. Putn
nq1  4  4h s 2 g and K s h : n - v j 0 . Then K is a compact subspacen n n
Ž . nof C R , and each f is in the convex hull of K, since f s Ý g sp n n is0 n
Ýn 2yny1h and Ýn 2yny1 - 1. It follows that x is in the closed convexis0 n is0
hull of K in the space RR.
The general case can be reduced to the special case just considered. Let
Ž . Ž .A be a cozero set in X. Pick f g C X such that f x / 0 if and only if
R X Ž .x g A. Let f *: R “ R be the map defined by f * g s g ( f. We have
Ž .x s f * x , where x is the same as in the preceding paragraph. If K is aA
Ž .compact subspace of C R such that x is in the closure of the convex hullp
of K, then x is in the closure of the convex hull of the compact subsetA
Ž . Ž .f * K of C X .p
Ž .3.6. COROLLARY. If C X is semireflexi¤e then X is a P-space.p
Proof. Proposition 3.5 and Theorem 2.1 imply that every zero set in X
is open. If A is a G -set in X and x g A, there exists a zero set F suchd
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that x g F ; A. It follows that x is an inner point of A. Thus A is open,
and X is a P-space.
Ž .If K is compact, we denote by M K the space of regular Borel
Ž .measures on X, that is the dual space of the Banach space C K . The
Ž . Ž . ² :canonical pairing C K = M K “ R will be denoted by ? , ? . Thus
² : Ž . Ž .f , m s H f dm. Let C K be the Banach space C K equipped with theK v
Ž .weak topology. We consider the weak* topology on M K . The closed
Ž . Ž .convex hull of K in M K is the space P K of all probability measures
Ž .on K. The space P K is compact and has the following universal
property: if F is a continuous map of K to a LCS E such that the closed
Ž . Ž .convex hull L of F K is compact, then the integral C m s H F dm g EK
Ž . Ž .is defined for every m g M K , and the linear map C: M K “ E extends
Ž .F and sends P K onto L.
Let X and Y be topological spaces. For every continuous map f : X “
Ž . Ž . Ž .Ž . Ž .Ž .C Y define the adjoint map f *: Y “ C X by f * y x s f x y . Thep p
Ž Ž .. Ž Ž ..map f ‹ f * is a bijection between C X, C Y and C Y, C X , and wep p
have f ** s f.
Ž .3.7. THEOREM. Let K be compact. For a continuous map F: K “ C Xp
the following conditions are equi¤alent:
Ž . Ž . Ž .1 the closed con¤ex hull of F K in C X is compact;p
Ž . Ž .2 the adjoint map F*: X “ C K is continuous as a map from X top
Ž .C X ;v
Ž . Ž . ² Ž . :3 for e¤ery m g P K the function x ‹ F* x , m is continuous
on X.
Ž . Ž .Proof. The conditions 2 and 3 are obviously equivalent.
Ž . Ž . Ž .1 « 3 . Let L be a convex compact subset of C X containingp
Ž . Ž .F K . Fix m g P K . The integral b s H F dm is a well-defined elementK
of L characterized by the following property: for every continuous linear
Ž . Ž .functional L on C X we have L b s H LF dm. Applying this to thep K
Ž . Ž . Ž .evaluation functional L : C X “ R defined by L f s f x , we seex p x
Ž . Ž .that b x s H L F dm for every x g X. Since L F s F* x , it followsK x x
² Ž . : Ž .that the function x ‹ F* x , m is equal to b g L ; C X and hence isp
continuous.
Ž . Ž . Ž .3 « 1 . Suppose that for every m g P K the function C : X “ Rm
Ž . ² Ž . : Ž . Ž .defined by C x s F* x , m is continuous. Then C: P K “ C X ism p
continuous. If m is an atomic measure concentrated at a point y g K, we
Ž . ² Ž . : Ž .Ž . Ž .Ž .have C x s F* x , m s F* x y s F y x . It follows that C sm m
Ž . Ž .F y . Thus C is an extension of F, and F K is contained in the compact
Ž Ž .. Ž .convex subset C P K of C X .p
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3.8. COROLLARY. The following conditions are equi¤alent:
Ž . Ž .1 C X is P-reflexi¤e;p
Ž . Ž .2 for e¤ery compact space K and e¤ery continuous map f : X “ C K ,p
Ž .the map f : X “ C K is also continuous.v
Ž .We use Corollary 3.8 to show that: 1 there exists a P-space X such
Ž . Ž .that C X is not P-reflexive; 2 there exists a non-discrete P-space Xp
Ž . Ž .such that C X is P-reflexive; 3 if X is the one-point lindelofication ofÈp
Ž .a discrete space of cardinality v , then the question of whether C X is1 p
P-reflexive is undecidable in ZFC.
Ž .3.9. EXAMPLE. We construct a P-space X such that C X is notp
Ž .P-reflexive. Recall that the support of a measure m g P K is the comple-
Ž .ment of the union of all open subsets U of K such that m U s 0. A
Ž .measure m g P K is strictly positi¤e if its support coincides with K. Let K
be a non-separable compact space which carries a strictly positive measure.
For example, we can take for K any non-separable compact group, such as
k v Ž .2 for k ) 2 . Let X be the space C K endowed with the G -topology:p d
Ž .the open sets in X are precisely the G sets in C K . Then X is ad p
Ž . ² :P-space. If m g P K , the function f ‹ f , m is continuous on X if and
only if the support of m is separable. It follows that the identity map i:
Ž .X “ C K is not continuous when considered as a map from X top
Ž . Ž .C K . According to Corollary 3.8, C X is not P-reflexive.v p
Ž .Let a be a cardinal such that cf a ) v. Let X be a topological spacea
 4 < <such that X s D j ‘ , D s a , all points of D are isolated, and thea
 4 < <neighbourhoods of ‘ are of the form E j ‘ , where D _ E - a . Then
X is a P-space. Recall that a space X has a caliber a if for every familya
 4 < <U : j - a of non-empty open sets in X there is A ; a such that A s aj
 4and F U : j g A / B.j
Ž .3.10. THEOREM. Let a be a cardinal such that cf a ) v, and let
 4X s D j ‘ be the P-space defined abo¤e. The following conditions area
equi¤alent:
Ž . Ž .1 C X is P-reflexi¤e;p a
Ž .2 e¤ery compact space K which supports a strictly positi¤e measure has
a caliber a .
 4  4 Ž .Proof. Let K be compact, and let f : d g D j f ; C K . Ford ‘
 Ž . Ž .4  4every d g D put V s x g K : f x / f x . Let V s V : d g D . Thed d ‘ d
Ž . Ž .map f : X “ C K is continuous as a map to C K if and only if everyp
point x g K belongs to fewer than a members of V . The map f is
Ž .continuous as a map to C K if and only if the support of every measurev
Ž .m g P K meets - a members of V . These remarks and Corollary 3.8
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Ž . Ž . imply that the condition 1 is equivalent to the following: 3 if V s V : dd
4g D is a family of cozero sets in a compact space K and every point
x g K belongs to fewer than a members of V , then the support of every
Ž .measure m g P K meets fewer than a members of V . Plainly the
Ž . Ž .condition 2 also is equivalent to 3 .
Ž .3.11. EXAMPLE. There exists a non-discrete space X such that C Xp
is P-reflexive. Let c s 2 v, k s cq, and X s X . The cardinal k is ak
w xcaliber of every ccc compact space 12, Lemma 2.5 , and the support of any
Ž .measure is ccc. Theorem 3.10 implies that C X is P-reflexive.p
3.12. EXAMPLE. Let X s X be a one-point lindelofication of a dis-Èv1
crete space of cardinality v . Then the answer to the question whether1
Ž .C X is P-reflexive depends on the axioms of set theory that we assume.p
If we assume CH, there are Kunen compacta which support a measure but
w x Ž .do not have a caliber v 12, Sect. 5 . By virtue of Theorem 3.10, C X is1 p
Ž .not P-reflexive. If we assume MA v , every ccc compact space has caliber1
Ž .v . Applying Theorem 3.10 again, we see that C X is P-reflexive.1 p
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